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In 1968, Chang [4] introduced the concept fuzzy theory into
topology. In a Chang’s fuzzy topology, the open sets are fuzzy,
but the topology comprising those open sets is a crisp subset of
the I= [0,1]-powerset IX. The notion ofChang’s fuzzy topology
was generalized to L-fuzzy setting by Goguen [9], which is now
calledL-topology. However, in a completely different direction,
Ho¨hle [11,12] presented the notion of a fuzzy topology being
viewed as an L-subset of a powerset 2X. Ying [21] studied
Ho¨hle’s topology from a logical point of view and called it(K. El-Saady), nasserfuz-
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3.003fuzzifying topology. S˘ostak [18] independently extended
Ho¨hle’s fuzzy topology to I-subsets of IX. In some cases, it
seems reasonable to allow different lattices for domain and
co-domains of s:LXﬁ L, respectively L and M, thus coming
to the concept of an M-valued L-fuzzy topology on X (or an
(L,M)-fuzzy topology on X for short), as a mapping s :
LXﬁM subjected to certain axioms. In [7], the author intro-
duced and studied the concept of L-fuzzy frames (or pointless
L-fuzzy topology) as a generalization of both L-fuzzy topology
and L-fuzzifying topology. In [8], he introduced and studied the
concepts of separation axioms and compactness for L-fuzzy
frames.
In 1992, Wang [19] introduced topological molecular lat-
tices (brieﬂy, TML) by the tool of remote neighborhood and
established the theory of remote neighborhood systems, which
played important role in TML. Topological molecular lattices
are categorically isomorphic to singleton topological spaces in
which the base lattice changes with each other space, a cate-
gory part of larger category of variable-basis topology (or
point-set lattice-theoretic topology) in the sense of Rodabaughgyptian Mathematical Society.Open access under CC BY-NC-ND license.
306 K. El-Saady, A. Ghareeb[16,15]. On the other hand, certain lattice-theoretic aspects of
general topology and L-topology viewed co-topologically are
captured by TML. So TML is an important categories in
L-topology.
Convergence theory of nets or ﬁlters provides a good tool
for interpreting topological structures and thus plays an
important role in topology. In the classical situation, there is
a close relation between topological and convergence struc-
tures. In the fuzzy setting, there are many kinds of convergence
in terms of molecular nets which can be used in L-topologies
and topological molecular lattices (see [1–3,5,6,10,13,17,20]).
In [22], Yue and Fang introduced Wang’s TML in a
Kubiak-S˘ostak sense (named fuzzy topological molecular
lattice, brieﬂy, FTML) and gave several categories to charac-
terize this extension of TML.
In this paper, we aim to use the concept of (L,M)-fuzzy
remote neighborhood system to introduce and study the con-
vergence theory of molecular nets in (L,M)-fuzzy topological
molecular lattices. Next, we introduce the Ti-axioms
(i= 1,0,1,2) in (L,M)-fuzzy topological molecular lattices
and discuss some of their characterizations.
2. Preliminaries
Let a, b be elements in a complete lattice L. An element a 2 L
is said to be -irreducible if a 6 b  c implies that a 6 b or
a 6 c. The set of all non-zero -irreducible elements of L are
called molecules and denoted by J(L). Let e 2 J(L) and eŒa
denote the set {b 2 L:ei b,bP a}. Throughout this paper,
L (resp., M) is always a completely distributive lattice with
an order-reversing involution 0 (resp., *). Recall that an or-
der-reversing involution 0 on L is a self-map on L such that
for any a, b 2 L, the following conditions hold:(1) a 6 b
implies b0 6 a0; (2) a00 = a. The following properties hold for
any subset {ai:i 2 I} ˝ L (resp., {bi:i 2 I} ˝M):
(1) ðWı2IaiÞ0 ¼ Vı2Ia0i (resp., ðWı2IbiÞ ¼ Vı2I bi );
(2) ðVı2IaiÞ0 ¼ Wı2Ia0i (resp., ðVı2IbiÞ ¼ Wı2I bi ).
Deﬁnition 2.1 [19]. Let L1 and L2 be complete lattices. A
mapping f:L1ﬁ L2 is called a generalized order-homomor-
phism, or brieﬂy, a GOH, if
(i) f(a) = 0 if and only if a= 0;
(ii) f is union-preserving;
(iii) fJ is union-preserving, where fJ(b) =¤ {a 2 L1Œf(a)6 b}
for all b 2 L2.In general topology, the concept of neighborhood system
used to characterize the topology. It is known that the general
neighborhood system is not suitable for fuzzy setting. Pu and
Liu [14] introduced the theory of quasi-coincident neighbor-
hood system in L-topology. Wang [19] gave the dual concept
remote neighborhood system in TML. From then on, the qua-
si-coincident neighborhood system and remote neighborhood
system are the most ideal neighborhood system in L-topology
and TML, respectively. In [22], Yue and Fang gave the corre-
sponding fuzzy remote neighborhood system in FTML and
studied the connections between fuzzy co-topologies and fuzzy
remote neighborhood systems.Deﬁnition 2.2 [22]. Let L and M be be completely distributive
lattices. An (L,M)-fuzzy co-topology is a mapping g:LﬁM
such that
(FCT1) g(0L) = g(1M) = 1M;
(FCT2) g(l  k)P g(l)  g(k) for all l,k 2 L;
(FCT3) g(§j2Jlj)P§j2Jg(lj) for every family {lj:j 2 J} ˝ L.
If g is an (L,M) fuzzy co-topology, then we say that the
triple (L,M,g) is an (L,M)-fuzzy topological molecular lattice.
The value g(u) can be interpreted as the degree of closeness of
u 2 L. A continuous map between two (L,M)-fuzzy topolog-
ical molecular lattices (L1,M,g) and (L2,M,n) is a GOH
f:L1ﬁ L2 such that g(fJ(u))P n(u) for all u 2 L2. The category
of (L,M)-fuzzy topological molecular lattices and their con-
tinuous maps, denoted by (L,M)-FTML.
Remark 2.3. If M= {0,1}, (L,M)-FTML is just TML in
Wang’s meaning.
Lemma 2.4 [23]. The map g:LﬁM is an (L,M)-fuzzy co-
topology on L if and only if "a 2M, g[a] = {a 2 L:g(a)P a}
is a co-topology on L.
Deﬁnition 2.5 [22]. An (L,M)-fuzzy remote neighborhood system
is a set R ¼ fRe : e 2 JðLÞg of mappings Re:LﬁM such that
(FRN1) Re(0L) = 1M, Re(1L) = 0M;
(FRN2) Re(a) > 0) ei a;
(FRN3) Re(a  b) = Re(a)  Re(b).The triple ðL;M;RÞ is called an (L,M)-fuzzy remote
neighborhood spaces. R will be called topological fuzzy
remote neighborhood spaces if it also satisﬁes the following
equation:
(FRN4) Re(d) =¤b2eŒd§aibRa(b).A continuous map between (topological) (L,M)-fuzzy re-
mote neighborhood spaces ðL1;M;RÞ and ðL2;M;SÞ is a
GOH f:L1ﬁ L2 such that Sf(e)(l) 6 Re(fJ(l)) for all e 2 J(L1)
and l 2 L2. The category of (L,M)-fuzzy remote neighbor-
hood spaces and their continuous maps is denoted by (L,M)-
FRNS, and the full subcategory of (L,M)-FRNS consisting
of topological fuzzy remote neighborhood spaces is denoted
by (L,M)-TFRNS.
For an (L,M)-fuzzy co-topology g:LﬁM. Let
RgeðlÞ ¼
W
m2ejl
gðmÞ; eil
0; e 6 l
(
for e 2 J(L) and l 2 L.
Lemma 2.6 [22]. Rg ¼ Rge je 2 JðLÞ
 
is a topological (L,M)-
fuzzy remote neighborhood system.
For an (L,M)-fuzzy remote neighborhood system R= {Re-
Œe 2 J(L)} and l 2 L, the mapping gR:LﬁM deﬁned by
gR(l) =§eilRe(l) is an (L,M)-fuzzy co-topology [22], called
the induced (L,M)-fuzzy co-topology by R= {ReŒe 2 J(L)}.
3. Convergence of molecular nets
For a directed set D, a map S : D! JðLÞ is said to be a
molecular net and denoted byS ¼ fSðnÞ : n 2 Dg. Molecular
net S is said to be in A if 8n 2 D;SðnÞ 6 A. We useNðLÞ to
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T : E! JðLÞ is called a sub-net of S : D! JðLÞ (in symbol
T 6 S), if there exists a map h:Eﬁ D such that T ¼S  h
and for any d 2 D, there exists an e 2 E such that h(e)P d. A
molecular net S is said to be frequently in A, if for any n 2 D,
there exists an n0 2 D such that n6 n0 andSðn0Þ 6 A. A molec-
ular netS is said to be eventually in A, if there exists n 2 D such
that if n0 2 D, n6 n0 and Sðn0Þ 6 A. For a GOH map
f:L1ﬁ L2 and molecular net S, put f S ¼ ðfðSðnÞÞ : n 2 DÞ,
then f S ia a molecular net in L2.
Deﬁnition 3.1. Let (L,M,g) 2 (L,M)-FTML andS : D! JðLÞ
is a molecular net on L. Deﬁned the maps
limð;Þ :NðLÞ  JðLÞ ! M by limðS; eÞ ¼ VfðRgeðAÞÞ :
A 2 L;S is eventually in A};
and adhð;Þ :NðLÞ  JðLÞ ! M by adhðS; eÞ ¼VfðRgeðAÞÞ : A 2 L;S is frequently in A}.
The value limðS; eÞ (resp., adhðS; eÞ) can be considered as
the degree of e 2 J(L) to be a limit (resp., cluster) point of
S : D! JðLÞ.
Proposition 3.2. Let (L,M,g) 2 (L,M)-FTML, S : D! JðLÞ
be a molecular net on L and e 2 J(L). Then
(1) limðS; eÞ ¼ VfðgðAÞÞ : A 2 L; ei A;S is eventually in
A};
(2) adhðS; eÞ ¼ VfðgðAÞÞ : A 2 L; ei A;S is frequently in
A}.
Proof. (1) By the Deﬁnition, we have
limðS; eÞ ¼
^
A2L
ðRgeðAÞÞ :S is eventually in A
 
¼
^
A2L
^
B2ejA;eiA
ðgðBÞÞ :S is eventually in Af g:
For each B 2 eŒA, we have ei A and A 6 B and this
implies that if S is eventually in A then S is eventually in B
and therefore we have
fB 2 ejA; eiA; :S is eventually in Ag# fC 2 ejB; eiB
:S is eventually in Cg:
which implies that^
C2ejB;eiB
fðgðCÞÞ :S is eventually in Cg 6 limðS; eÞ:
Conversely, for each D 2 L, we obtain that (g(D))*P
§eiD,B2eŒD (g(B))
*. It follows that^
D2L
ðgðDÞÞ P
^
D2L
^
eiD;B2ejD
ðgðBÞÞ ¼
^
fðRgeðBÞÞ
: S is eventually in Bg ¼ limðS; eÞ:
Similarly, one can prove (2). h
Proposition 3.3. Let (L,M,g) 2 (L,M)-FTML, S : D! JðLÞ
be a molecular net on L and e, d 2 J(L) with d6 e. Then
(1) limðS; dÞP limðS; eÞ;
(2) adhðS; dÞP adhðS; eÞ.Proof. As to (1) Since d 6 e, then Rgd 6 Rge and therefore
limðS; dÞ ¼
^
P2L
fðRgdðPÞÞ : S is eventually in Pg
P
^
P2L
fðRgeðPÞÞ : S is eventually in Pg: ¼ limðS; eÞ:Similarly, one can prove (2). h
Proposition 3.4. Let (L,M,g) 2 (L,M)-FTML, and S : D!
JðLÞ be a molecular nets on L. Then, for e 2 J(L),
adhðS; eÞ 6 limðS; eÞ.
Proof. If S is frequently not in A implies that S is eventually
not in A. Therefore, fA 2 L :S is eventually in
Ag# fA 2 L :S is frequently in A}. So
adhðS; eÞ ¼
^
A2L
ðRgeðPÞÞ :S is frequently in A
 
6
^
A2L
fðRgeðAÞÞ :T is eventually in Ag:
¼ limðS; eÞ: 
Proposition 3.5. Let (L,M,g) 2 (L,M)-FTML, and T be a
sub-net of a molecular net S. Then, the following statements
are valid:
(1) limðS; eÞ 6 limðT; eÞ.
(2) adhðT; eÞ 6 adhðS; eÞ.Proof. We prove only the ﬁrst one, and the second one can be
proven similarly. Let T be a sub-net of a molecular net S. If
T is eventually in A, then S is eventually in A. Therefore,
A 2 L :T is eventually inAf g# A 2 L :S is eventually inAf g.
Then RgeðPÞ
 
:S is eventually in A
 
#
V
RgeðPÞ
 
:T

is eventually in Ag. It implies limðS; eÞ 6 limðT; eÞ. h
Theorem 3.6. A GOH f:(L1,M,g1)ﬁ (L2,M,g2) is continuous
if and only if, for every e 2 J(L1), limðS; eÞ 6 limðfðSÞ; fðeÞÞ.
Proof. Assume that f:(L1,M,g1)ﬁ (L2,M,g2) is continuous,
S is a molecular net in L1 and e 2 J(L1). If fðSÞ is eventually
in A, thenS is eventually in fJ(A). According to the continuity
of f, we know that, "A 2 L2,Rf(e)(A) 6 Re(fJ(A)). Thus,
limðfðSÞ; fðeÞÞ ¼
^
A2L2
fðRfðeÞðAÞÞ : fðSÞ is eventually in Ag
P
^
A2L2
fðReðf‘ðAÞÞÞ :S is eventually in f‘ðAÞg
¼ limðS; eÞ:
Conversely, assume that the function f:(L1,M,g1)ﬁ
(L2,M,g2) is continuous and limðS; eÞP limðfðSÞ; fðeÞÞ for
a molecular net S and e 2 J(L1). Since the continuity of
f:(L1,M,g1)ﬁ (L2,M,g2) is equivalent to the continuity of
f : ðL1;M;Rg1Þ ! ðL2;M;Rg2Þ, we have Rg2fðeÞðAÞ 6 Rg1e ðf‘ðAÞÞ
which implies that (Rf(e)(A))
*P (Re(f
J(A)))* which contradicts
with the assertion of the continuity. h4. Separation axioms in (L,M)-FTML
Deﬁnition 4.1. For an (L,M)-fuzzy topological molecular
lattice (L,M,g), we deﬁne
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follows:
T1ðL;M; gÞ ¼
^
a<b
_
a6l
RgbðlÞ;
(2) The degree T0(L,M,g) to which (L,M,g) is T0 as
follows:
T0ðL;M; gÞ ¼
^ _
ail
RgaðlÞ _
_
bim
RgbðmÞ
 !
: a; b 2 JðLÞ; a–b
( )
:
(3) The degree T1(L,M,g) to which (L,M,g) is T1 as
follows:
T1ðL;M; gÞ ¼
^
aib
_
b6l
RgaðlÞ;
(4) The degree T2(L,M,g) to which (L,M,g) is T1 as
follows:
T2ðL;M; gÞ ¼
^
a^b¼0L
_
l_q¼1L
RgaðlÞ ^ RgbðqÞ
 
:
Now, we can have the following easily established result.
Theorem 4.2. For an (L,M)-fuzzy topological molecular lattice
(L,M,g)
(1) T1ðL;M ; gÞ ¼
V
a<bR
g
bðaÞ;
(2) T 0ðL;M ; gÞ ¼
V
RgaðbÞ _ RgbðaÞ : a; b 2 JðLÞ; a–b
 
;
(3) T 1ðL;M ; gÞ ¼
V
aibR
g
aðbÞ;
(4) T 2ðL;M ; gÞ ¼
V
a^b¼0L R
g
aðbÞ ^ RgbðaÞ
 
.
For an (L,M)-fuzzy co-topology on L and A 2 L, deﬁne the
set LA = {a 2 L:a 6 A} and the map gŒA:LAﬁ M which gi-
ven by (gŒA)(l) =¤{g(k):k 2 L,k  A= l}.
Lemma 4.3. Let (L,M,g) be an (L,M)-fuzzy topological
molecular lattices and A 2 L. The map gŒA:LAﬁM which
deﬁned by (gŒA)(l) =¤{g(k):k 2 L,k  A= l} is an
(L,M)-fuzzy co-topological molecular lattice.
Proof. As to (FCT1) : gA(1A) = gA(0A) = 1M
As to (FCT2) :
gAðlÞ _ gAðqÞ ¼ fð
WfgðkÞ : l ¼ k ^ AgÞ _ ðWfgðkÞ :
q ¼ k ^ AgÞ : k; k 2 Lg
¼ _fgðkÞ ^ gðkÞ : l ¼ k ^ A; q ¼ k ^ Ag
6 _fgðk _ kÞ : l _ q ¼ ðk _ kÞ ^ Ag
¼ gAðl _ qÞ:
As to (FCT3) :^
ı2J
gAðliÞ ¼
^
ı2J
ð_fgðkiÞ : ki ^ A ¼ ligÞ
¼ _f
^
ı2J
gðkiÞ : ki ^ A ¼ lig
6 _fgð
^
ı2J
kiÞ : ki ^ A ¼ lig
¼ gAð
^
ı2J
liÞ: Theorem 4.4. For A 2 L, the following statements hold.
(1) T1(L,M,g) 6 T1(LA,M,gA);
(2) T0(L,M,g) 6 T0(LA,M,gA);
(3) T1(L,M,g) 6 T1(LA,M,gA);
(4) T2(L,M,g) 6 T2(LA,M,gA).
Proof. We only prove (3) and the others can be obtained in a
similar way and omitted.
Let a, b 2 L, with ai b, we have that aŒA= a*i b* = bŒA
and G 2 L. Set H= GŒA. Then, by the statement gðlÞ 6V
G2L;GjA¼HgðHÞ ¼ gjAðHÞ, we have that
V
aibR
g
a 6
V
aib
R
gjA
a . Thus,
T1ðL;M; g 6 T1ðLA;M; gAÞÞ: 
Deﬁnition 4.5. Let (L1,M,g), (L2,M,n) 2 (L,M)-FTML. A
GOH homoeomorphism between (L1,M,g) and (L2,M,n) is
a bijective GOH f:L1ﬁ L2 such that both f and fJ are
continuous.
Theorem 4.6. Let (L1,M,g), (L2,M,n) 2 (L,M)-FTML. A
bijective GOH f:(L1,M,g)ﬁ (L2,M,n) is a GOH homeomor-
phism if and only if f:(L1,g[a])ﬁ (L2,n[a]) is a homeomor-
phism for each a 2M.
Theorem 4.7. Let f:(L1,M,g1)ﬁ (L2,M,g2) be a GOH homo-
eomorphism, then
(1) T1(L1,M,g1) = T1(L2,M,g2);
(2) T0(L1,M,g1) = T0(L2,M,g2);
(3) T1(L1,M,g1) = T1(L2,M,g2);
(4) T2(L1,M,g1) = T2(L2,M,g2).
Proof. We only prove (4) and the other can be obtained in a
similar way.
First, we let T2(L1,M,g1) > a. Then, for a,b 2 L1, there
exist A,B 2 L1, with A  B= 1 such that
V
a^b¼0L
W
A_B¼1L
Rg1a ðAÞ ^ Rg1b ðBÞ
 
> a. So Rg1a ðAÞ > a and Rg1b ðBÞ > a.
Since f:(L1,M,g1)ﬁ (L2,M,g2), is a GOH homeomor-
phism, then fJ is continuous and therefore
Rg1a ðAÞ 6 Rg2fðaÞðf‘Þ‘ðAÞ ¼ Rg2fðaÞðfðAÞÞ:
It follows that R
g2
fðaÞðfðAÞÞ > a. Similarly Rg2fðbÞðfðBÞÞ > a. Since f
is bijective, it follows that f(a)  f(b) = f(a  b) = f(0) = 0 and
f(A)  f(B) = f(A  B) = 1 and this means that
T2ðL2;M; g2Þ ¼
^
fðaÞ^fðbÞ¼0L
_
fðAÞ_fðBÞ¼1L
R
g2
fðaÞðfðAÞÞ ^ Rg2fðbÞðfðBÞÞ
 
> a
and this means that T2(L1,M,g1) 6 T2(L2,M,g2).
On the other hand, let T2(L2,M,g2) > a, then there exist P,
Q 2 L2 with P  Q= 1 such that
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fðaÞ^fðbÞ¼0L
_
P_Q¼1L
R
g2
fðaÞðPÞ ^ Rg2fðbÞðQÞ
 
> a: So Rg2fðaÞðPÞ
> a and Rg2fðbÞðQÞ > a:
In view of the continuity of f: (L1,M,g1)ﬁ (L2,M,g2), we
have
a < Rg2fðaÞðPÞ 6 Rg1a ðf‘ðPÞÞ and a < Rg2fðbÞðQÞ 6 Rg1b ðf‘ðQÞÞ:
From the fact that fJ(P)  fJ(Q) = fJ(P  Q) = fJ(1) = 1,
we have
T2ðL1;M; g1Þ ¼
^
a^b¼0L
_
A_B¼1L
Rg1a ðAÞ ^ Rg1b ðBÞ
 
> a;
which means that T2(L1,M,g1) 6 T2(L1,M,g1) and this com-
plete the proof. h
Now, we will introduce the relation between the degree of
Hausdorffness and the limit uniqueness of molecular nets.
Theorem 4.8. Let (L,M,g) 2 (L,M)-FTML and S 2NðLÞ.
Then
T2ðL;M; gÞ ¼
^
fðlimðS; aÞÞ _ ðlimðS; bÞÞ : a; b
2 JðLÞ; a ^ b ¼ 0g:
Proof. Let, for a 2 J(M), T2ðL;M; gÞ ¼
V
a^b¼0L
W
l_q¼1L
RgaðlÞ ^ RgbðqÞ
 
< a. Then, there exist a, b 2 L with a  b=
0 such that RgaðlÞ < a or RgbðqÞ < a.
For a 2 J(M) and a,b 2 L with a 6 ðRgaðAÞÞ , put
(1) DBa ¼ fB 2 L : aiðRgaðBÞÞg;
(2) DAa ¼ fA 2 L : aiðRgbðAÞÞg.
ðDAa ;6Þ (resp., ðDBa ;6Þ) is a directed set, where 6 is a
pointwise order. For A1;A2 2 DAa and a 2 J(L), we obtain that
ðRgaðA1 _ A2ÞÞ ¼ ðRgaðA1Þ _ ðRaðA2ÞÞ j a:
That is to say A1 _ A2 2 DAa . Therefore, DAa ;6
 
is a directed
set.
For C, A 2 L with RgaðCÞP a and RgaðAÞja, we have
Ci A. To assert that, let C 6 A, then, according to FRN3, we
have ðRgaðCÞÞ 6 ðRgaðAÞÞ. Thus a 6 ðRgaðCÞÞ 6 ðRgaðAÞÞ,
this is contradiction.
For Ci A (resp., Di B), there exist an SAa ðAÞ 2 JðLÞ
(resp., SBa ðBÞ 2 JðLÞ) such that SAa ðAÞiA and SAa ðAÞ 6 C
(resp., SBa ðBÞiB and SBa ðBÞ 6 D). Then, we get a molecular
net SAa : D
A
a ! JðLÞ (resp., SBa : DBa ! JðLÞ) given by
SAa ¼ fSAa ðAÞ : A 2 DAa g ðresp:; SBa ¼ fSBa ðBÞ : B 2 DBa gÞ:
Now, we deﬁne another directed set
(3) Da ¼ fðA;BÞ : aiðRgaðBÞÞ and aiðRgbðAÞÞg.
(Da,p) is a co-directed set, where ‘‘p’’ is an order given by
(A,B)p (C,D) if C 6 A and D 6 B. One can easily prove that
(Da,p) is a co-directed set.
Deﬁne a molecular net S}a : Da ! JðLÞ by
S}a ¼
SAa if S
}
a is eventually in A;
SBa if S
}
a is eventually in B:
(Now, we may prove that
ðlimðSa; aÞÞ ^ ðlimðSa; bÞÞ 6 a:
Suppose that A 2 L such that S}a is eventually in A. If
RgbðAÞP a, i.e., A 2 Rgb
 
½a. Take B 2 Rga
 
½a, then for each
(A,B) 2 Da, we have SAa ðAÞiA and SBa ðBÞiB
Further, if C 2 DAa and A 6 C, then SAa ðCÞiA since
SAa ðCÞiC. Thus, S}a is frequently in A. This contradicts the
assumption. Hence_
RgbðAÞ :Sa is eventually in A
 
6 a:
Similarly, we may can obtain_
RgaðBÞ :S}a is eventually in B
 
6 a:
So,_
RgbðAÞ :S}a is eventually in A
  
_
_
RgaðBÞ :S}a is eventually in B
  
6 a:
and this means that
lim S}a ; a
   ^ lim S}a ; b   6 a:
From arbitrariness of a, we have
T2ðL;M; gÞP
^
a^b¼0L
ðlimðSa; aÞÞ ^ ðlimðSa; bÞÞ : a; b 2 JðLÞ;f
S is a molecular net in L
Conversely, if T2(L,M,g) > a, then there exists P, Q 2 L with
P  Q= 1L such that RgaðPÞ > a and RgbðQÞ > a for any a,
b 2 L with a  b= 0. For any molecular net S, if
limðS; aÞ > ðaÞ, then RgaðPÞ < a when S is eventually in P.
Now we assert that^
ðlimðS; aÞÞ ^ ðlimðS; bÞÞ : a; b 2 JðLÞ; a ^ b ¼ 0;f
S is a molecular net in L
If not, then there exist a molecular net S and a, b 2 L with
a  b= 0 such that
ðlimðS; aÞÞ ^ ðlimðS; bÞÞ < a:
i.e., limðS; aÞ > ðaÞ and limðS; bÞ > ðaÞ.
From
limðS; aÞ ¼ VfðRgaðPÞÞ :S is eventually in Pg > ðaÞ and
RgaðPÞ > a, we know that S is frequently (not eventually) in
P. Similarly, S is frequently in Q. Hence, S is frequently in
P  Q. Otherwise limðS; aÞ 6 ðaÞ and limðS; bÞ 6 ðaÞ, it
deduces a contradiction. Therefore,
^
fðlimðS; aÞÞ ^ ðlimðS; bÞÞ : a; b 2 JðLÞ; a ^ b
¼ 0;S is a molecular net in Lg
P a:
Hence
T2ðL;M; gÞ 6
^
a^b¼0L
fðlimðS; aÞÞ ^ ðlimðS; bÞÞ : a; b
2 JðLÞ;S is a molecular net in Lg:
Thus, the conclusion. h
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In this paper, we presented a theory of convergence of molec-
ular nets in (L,M)-fuzzy topological molecular lattices of Yue
and Fang [22]. Also, we investigated the separation axioms
T1, T0, T1, and T2 in (L,M)-fuzzy topological molecular lat-
tices. And as application, we investigated the relationship be-
tween the theory of convergence of molecular nets and the
continuity of generalized order-homomorphism and we con-
cluded by introducing the relationship between the degree of
Hausdorffness and the limit uniqueness of molecular nets.
References
[1] S.Z. Bai, Q-convergence of nets and weak seoaration axioms in
fuzzy lattices, Fuzzy Sets and Systems 88 (1997) 379–386.
[2] S.Z. Bai, Q-convergence of ideals in fuzzy lattices and its
applications, Fuzzy Sets and Systems 92 (1997) 357–363.
[3] S.Z. Bai, PS-convergence theory of fuzzy nets and its
applications, Information Sciences 153 (2003) 237–245.
[4] C.L. Chang, Fuzzy topological spaces, Journal of Mathematical
Analysis and Applications 24 (1968) 182–190.
[5] S.L. Chen, S.T. Chen, X.G. Wang, r-convergence theory and its
applications in fuzzy lattices, Information Sciences 165 (2004)
45–58.
[6] Y. Chen, Convergence in topological molecular lattices, Fuzzy
Sets and Systems 84 (1996) 97–102.
[7] K. El-Saady, Lattices-valued fuzzy frames, Information Sciences
77 (2007) 4810–4819.
[8] K. El-Saady, Separation axioms and compactness of L-fuzzy
frames, and their applications to L-fuzzy topological spaces,
Mathematical and Computer Modelling 57 (2013) 826–835.
[9] J.A. Goguen, L-fuzzy sets, Journal of Mathematical Analysis
and Applications 18 (1967) 145–174.[10] D.N. Georgiou, B.K. Papadopoulos, On fuzzy h-convergences,
Fuzzy Sets and Systems 116 (2000) 385–399.
[11] U. Ho¨hle, Upper semicontinuous fuzzy sets and applications,
Journal of Mathematical Analysis and Applications 78 (1980)
659–673.
[12] U. Ho¨hle, Probabilistic metrization of fuzzy uniformities, Fuzzy
Sets and Systems 8 (1982) 63–69.
[13] M.K. Luo, Y.M. Liu, J.H. Liang, On convergence classes in L-
fuzzy topological spaces, Journal of Mathematical Analysis and
Applications 224 (1998) 316–331.
[14] B. Pu, Y. Liu, Fuzzy topology (I), neighborhood structure of a
fuzzy point and Moore–Smith convergence, Journal of
Mathematical Analysis and Applications 76 (1980) 571–599.
[15] S.E. Rodabaugh, A categorical accommodation of various
notions of fuzzy topology, Fuzzy Sets and Systems 9 (1983)
241–265.
[16] S.E. Rodabaugh, Point-set lattice theoretic topology, Fuzzy Sets
and Systems 40 (1991) 297–345.
[17] F.-G. Shi, C.-Y. Zheng, O-convergence of fuzzy nets and its
applications, Fuzzy Sets and Systems 140 (2003) 499–507.
[18] A.P. Sostak, On a fuzzy topological structure, Supplemento ai
Rendiconti del Circolo Matema`tico di Palermo. Serie II 11
(1985) 89–103.
[19] G. Wang, Theory of topological molecular lattices, Fuzzy Sets
and Systems 47 (1992) 351–376.
[20] W. Yao, Moore–Smith convergence in (L,M)-fuzzy topology,
Fuzzy Sets and Systems 190 (2012) 47–62.
[21] M.S. Ying, A new approach to fuzzy topology (I), Fuzzy Sets
and Systems 39 (1991) 303–321.
[22] Y. Yue, J. Fang, Categories isomorphic to the Kubiak–S˘ostak
extension of TML, Fuzzy Sets and Systems 157 (2006) 832–842.
[23] J. Zhang, C.Y. Zheng, Lattice valued smooth topological
molecular lattices, Journal of Fuzzy Mathematics 10 (2002)
411–421.
